Based on the additive multi-attribute value model for multiple attribute decision making (MADM) problems, this paper investigates how the set of attribute weights (or weight-set thereafter) is determined according to preference orders of alternatives given by decision makers. The weight-set is a bounded convex polyhedron and can be written as a convex combination of the extreme points. We give the sufficient and necessary conditions for the weight-set to be not empty and present the structures of the weight-set for satisfying the preference orders of alternatives. A method is also proposed to determine the weight-set. The structure of the weight-set is used to determine the interval of weights for every attribute in the decision analysis and to judge whether there exists a positive weight in the weight-set. The research results are applied to several MADM problems such as the geometric additive multiattribute value model and the MADM problem with the cone structure.
INTRODUCTION
Multiple attribute decision making (MADM) refers to making preference decisions (e.g., evaluation, prioritisation, and selection) over the available alternatives that are characterised by multiple, usually conflicting, attributes. It is an important research topic with wide applications in management and engineering [1, 10, 19] . Current methods for MADM problems first determine the weights assigned to the attributes according to different preference information given by the decision maker. The mathematical models based on the determined weights are then used to rank the alternatives, where the most widely used model is the additive multi-attribute value model [10, 19] .
Sensitivity analysis is one of the hot research topics in MADM. In sensitivity analysis, two or more alternatives being equal in overall utility and solution are found for the parameters (probabilities, payoffs or weights) for which equality holds. Earlier work on sensitivity analysis can be found in
Issacs [11] , Fishburn et. al. [8] , Evans [7] and Schneller and Sphicas [14] .
Majorities of these works address the issue of sensitivity of decisions to probability estimation errors. Barron and Schmidt [3] , Soofi [15] and Ringuest [13] investigate sensitivity analysis of additive multi-attribute value models.
Given an initial set of weights and an outcome with maximum overall additive multi-attribute value, the proposed procedures generate new weights which equate or reverse by a prescribed amount of the overall additive multiattribute value of the initially preferred outcome and any other nondominated outcome. Earlier work on sensitivity analysis in MADM [2, 12, 16] focused on probability estimates and estimates of attribute weights in an additive multiattribute value model. However little research has investigated the existence and structure of the weight-set while keeping the ranking orders on alternatives.
Based on the additive multi-attribute value model, this paper analyses the structure of the weight-set and proposes a new method to determine the weight-set while keeping the ranking orders on alternatives according to linear programming theory. Given a set of ordering on alternatives, the proposed method can also tell if the attribute weights are feasible or not. Thus it provides the necessary and sufficient conditions for decision makers to adjust weights while still keeping the ranking orders. This paper also lists the type of MADM decision models where the proposed conditions are applicable.
Examples are used to illustrate the application of the proposed method.
Section 2 of this paper introduces the additive multi-attribute value model. Section 3 defines the weight-set for satisfying one preference order of alternatives in a MADM problem. It also gives the sufficient and necessary conditions for the weight-set to be not empty and proposes a method to determine the structure of the weight-set. Section 4 presents the weight-set for satisfying many preference orders of alternatives simultaneously. Section 5 investigates the application of the proposed method in MADM problems.
Section 6 provides remarks and Section 7 summaries the research outcomes and discusses the future work.
THE ADDITIVE MULTI-ATTRIBUTE VALUE MODEL
The following notations are frequently used in this paper:
: a discrete set of m possible alternatives.
: a set of n additively independent attributes. 
The additive multi-attribute value model is probably the simplest and still the most widely used MADM model [10, 19] . It can be expressed as
where ϕ( ) S r is the value function of alternative S r , and w k and ϕ k r k x ( ) are weight and value functions of attribute P k , respectively. Through the normalisation process, each incommensurable attribute becomes a pseudovalue function, which allows direct addition among attributes. The overall value of alternative S r can be rewritten as
where a r k is the comparable scale of x r k , which can be obtained through normalisation.
Based on the additive multi-attribute value model, the structure of the weight-set for keeping constant rankings of alternatives is examined. 
STRUCTURE OF THE WEIGHT-SET FOR ONE PREFERENCE
where a a a a n = ( , , , ) 1 2
It can be seen that w i j ( , ) is a bounded convex polyhedron, and
If w i j ( , ) ≠ φ , then the set w i j ( , ) has a finite number of extreme points, the set can be written as a convex combination of the extreme points [6, 9] . If the extreme points of w i j
, , , L , we have
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Lemma 3 is a simplified sufficient and necessary condition for Lemma 1. In the following Theorem 1 and Corollary 1, we give a sufficient and necessary condition to judge whether the weight-set w i j ( , ) is empty.
Theorem 1. The sufficient and necessary condition for w i j ( , ) ≠ φ is that
either there exist k and l, where 
is a bounded convex polyhedron, w i j ( , ) can be written as a convex combination of the extreme points [6.9] .
Let us consider the following two examples. Example 1 is a situation where the condition of Theorem 1 is not satisfied, i.e. w i j ( , ) = φ . Example 2 is a situation where w i j ( , ) ≠ φ .
Example 1.
A MADM problem with three attributes (n =3), two alternatives (m =2) and the decision information is given in Table 1 . 
Example 2.
A MADM problem with three attributes (n =3), two alternatives (m =2) and the decision information is given in Table 2 . 
STRUCTURE OF THE WEIGHT-SET FOR MANY PREFERENCES
We consider the weight-set for satisfying many preference orders of alternatives simultaneously. Note that 
So the weight-set for S S i w i
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Example 3. A MADM problem with two attributes (n =2), three alternatives (m =3) and the decision information is given in Table 5 . f . It can be seen from Table 5 
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is another extreme point of convex polyhedron Λ 1 . We have 
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APPLICATION IN DECISION ANALYSIS
The structure of the weight-set can be used for decision analysis.
Determination of intervals of weights
Based on the structure of the weight-set, the interval of weight for every attribute can be determined and used for decision analysis.
Suppose that the weight-set for S S i w j f is
, , , L are the extreme points of w i j ( , ) . 
L be the optimal solutions of ( P L ) and ( P U ), respectively. w l L and w l U can be obtained by
It can be seen from ( P L ) and (
Thus the intervals of every element of weight vector w for S S i w j f can be obtained: 
Thus the intervals of every element of weight vector w for S S i w j f is obtained: 
Thus we have
The weight vector is
Example 5. In Example 2, the weight-set for S S 
Judgement on positive weights
In MADM problems, the weight of every attribute should be greater than zero.
According to the structure of the weight-set, we can judge if a vector weight such that S S i w j f is greater than zero, i.e. 
REMARKS
In MADM problems, there are different forms of preference information given by the decision maker [5, 10, 19] . These situations can be classified into different forms as discussed in Section 3 and Section 4. Thus we give the following remarks. 
